Abstract-A full-wave analysis of an inhomogeneous waveguide region with both planar and circular cylindrical boundaries is presented in this paper. Circular cylindrical modal functions are used to represent the fields. Field matching on the planar walls and apertures is rigorously achieved by the finite plane-wave series expansion of each modal field, whereas the addition theorem for cylindrical waves is used for rigorous field matching on the circular cylindrical boundaries. Numerical results are given for rectangular waveguides with 90 bends and rounded outer corners.
IV. CONCLUSION
Based upon the FEM and a cavity resonance technique, an iterative method for exact estimation of complex permittivity of an arbitrary shaped dielectric has been presented. The measurements are done in a frequency band around any resonance peak, preferably the fundamental one. This paper also defined a number of error parameters used in the process of optimization. The technique can be implemented very easily on a desktop computer for a quick estimation of permittivity of samples on the production line.
I. INTRODUCTION
In a recent paper [1] , MacPhie and Wu provided a full-wave modal analysis of waveguide discontinuities with piecewise planar boundaries. Practical examples of such discontinuities are T-, Y-junctions and E-and H-plane mitered 90 bends. In this paper, this technique is extended to discontinuities with both planar and circular cylindrical boundaries. Such an inhomogeneous waveguide discontinuity is shown in Fig. 1 , where there are two feeding waveguides, four planar sidewalls, and two circular cylindrical sidewalls. As in [1] , the height of the region is w with bottom and top walls at z = 0 and z = w, respectively.
Bessel-Fourier modal functions are used to represent the TM-(e) and TE-type (h) fields in the inhomogeneous region [1] , [2] . For field matching in the planar waveguide apertures A n and on the planar sidewalls W m , the finite plane-wave series expansion [1] is employed. However, on the circular cylindrical walls C l , a rigorous solution is obtained by means of the translation addition theorem [3] 
where the origin O of the circular cylindrical system is located centrally in the inhomogeneous region.
We now consider the lth circular cylindrical boundary. The center of the lth circular cylindrical boundary is O l . R l is the distance between O and O l and the angle 8 l is measured from the x-axis. 
A. Translation Addition Theorem
We can express 9 
Using (1) and (5) in (7) 
The modal E-field of TE type is given bỹ e (h) np( ) l ; l ;
We can use (2) and (5) in (10) where t indicates the tangential component where l = R l and 0 l < l > 00 l , as indicated in Fig. 1 . If we take the outer product (cross product) of (14) withh Likewise, if we take the outer product of (14) withh The elements of all the matrices are given in detail in the Appendix. Having obtained the E-field matching (20) for the lth circular cylindrical boundary of the general inhomogeneous region, we can repeat the process for the remaining circular cylindrical boundaries and let
where L is the total number of circular boundaries. Likewise, for the planar boundaries, we let
where [Wm] is the matrix for the mth planar boundary wall; the elements of [W m ] are given in detail in [1] .
The total matrix equation for the conducting wall part of the inhomogeneous region is then
The field matching in the apertures of the inhomogeneous region is done in the same way as described in [1] . This, in conjunction with (23), leads to the solution for the scattering parameters of the inhomogeneous region, as presented in a detailed fashion in [1] .
IV. NUMERICAL RESULTS
The scattering parameters over a wide frequency band for WR75 rectangular waveguide of H-and E-plane 90 bends with rounded outer corners are given in Figs. 2 and 3 , respectively. The waveguide dimensions are a = 0:75 in and b = 0:375 in. With a progressive convergence test, it is found that eight modes for the H-plane bend and six modes for the E-plane bend are sufficient in the inhomogeneous region for a convergent result. Very good agreement between the results of the FEM obtained using Ansoft's HFSS and that of the proposed modal analysis can be observed. The slight discrepancy at high frequencies of the H-plane bend may be contributed by the chamfers at the curved corner in the FEM model. The FEM results are based on the FEM model with about 9000 tetrahedrons.
V. CONCLUSIONS
A rigorous modal analysis formula for inhomogeneous waveguide discontinuities containing both planar and circular cylindrical boundaries have been presented in this paper. The addition theorem for Bessel-Fourier functions is used to generalize the formula to handle cylindrical boundaries with arbitrary offset centers. Field matching on the planar walls and apertures of the discontinuous region is rigorously achieved by the finite plane-wave series expansion. Very good agreement is obtained between the results of the FEM and those of the proposed analysis for rectangular waveguide 90 bends with rounded outer corners. Since the generalized scattering matrix (GSM) is obtained by modal analysis, the modules developed by the proposed modal analysis can be easily integrated with other key building blocks of modal analysis for large system design. from which we can define the following double summation:
The analysis of a uniform metallic hollow waveguide can be carried out by solving the Helmholtz equation and matching boundary conditions on its cross section. A large number of techniques have been proposed in the literature for this purpose: one is the boundary integral-resonant mode expansion (BI-RME) [1] . By using superquadric functions [2] , [3] to describe the boundary of the waveguide in the Rayleigh-Ritz method, various cross-sectional waveguides (including rectangular, circular, elliptic, coaxial, triangular, etc.) have been analyzed successfully in a unified manner [4] . In this paper, we extend the application of this method to analyze some waveguides with more complicated cross sections that are commonly used in microwave systems. The cross sections of various hollow metallic waveguides to be analyzed are shown in Fig. 1(a) -(f) for eccentric annular, pentagonal (N = 4 and N = 5), L-shaped, single-ridged, and double-ridged waveguides.
Analysis of eccentric annular waveguides has been a subject of numerous investigations [5] , [6] . In [5] , combined with conformal transformation, the method of intermediate problems was used to find the lower bounds and the Rayleigh-Ritz method to find the upper bounds of the cutoff frequency, both for TE and TM modes. A family of new waveguides, pentagonal waveguides [described by ABCDE in Figs. 1(b) and 1(c) ], has been proposed in [7] . The conformal-mapping finite-difference (CMFD) method was used to analyze its propagation characteristics, and the computed data were compared to some measurement results. L-shaped, single-ridged, and double-ridged waveguides are formed from variations of the rectangular waveguide. They can be used in satellite communication systems for wide-bandwidth operations [8] , [9] . The surface integral-equation method (SIE) [10] , the finite-element method (FEM) [11]- [13] , and the finite-difference method (FDM) [14] , [15] have been used to study these structures.
The method in this paper does not need a complex mathematical manipulation (such as conformal mapping) and discretization procedure in the above methods. In Section II, a brief description of the algorithm is given. In Section III, numerical results obtained here are compared with those by other methods and measurement data. A conclusion is drawn in Section IV.
